T μ f(z)= ί K(z,

JΏ)
The purpose of this paper is for a certain class of subharmonic φ to prove necessary and sufficient conditions on b (respectively on μ) in order that the Hankel operator H h (respectively the Toepolitz operator T μ ) on AL 2 φ (B) belongs to a Schatten ideal S p .
In [Lul] , Luecking obtained the trace ideal criteria for the Toplitz operators on the (standard) weighted Bergman spaces. In [Lu2] , he considered the boundedness, compactness and the Schatten class properties of the Hankel operators on the Bergman spaces of the unit disk B with the symbol functions in L 2 (B). In [LR] , we studied the boundedness and compactness of the Hankel operator H h on the weighted space AL 2 φ (B) with b G L 2 (B) for a certain class of subharmonic φ.
In the present paper, we will continue to study the Hankel operator H h on AL 2 φ (B) and we will also consider the Toepolitz operator T μ on AL 2 φ (B). We will still concentrate on the same class of subharmonic φ as in [LR] . (B) . In Section 3, we consider the Toeplitz operator T μ on AL 2 φ (B) for finite positive Borel measure μ on B. In Section 4, by using the results obtained in Section 3, we prove the trace ideal criteria for the Hankel operator H b on AL 2 φ (B) for a certain class of subharmonic ψ. Throughout this paper, we will use the letter C to denote constants and they may change from line to line. 
Carleson measures on
(D) -> L 2 φ (D) is compact.
Definition 2.3.
For real valued function y> E C 2 (D) with Aφ > 0, let r(z) = (Aφ(z))~1^2.
We say that φ E ϋ if the following conditions are satisfied.
(1) There exists a constant CΊ > 0 such that |τ(z) -τ(ξ)| < C\\z -ξ\ for z, ξ E D.
(2) There exists a constant C 2 > 0 such that τ(z) < C 2 (l -\z\) for ^ED.
(3) There exist constants 0 < t < 1 and α > 0 such that τ(z) < τ(ξ) + t\z-ξ\ for \z-ξ\>aτ(ξ). Some typical examples of functions in class V are as follows:
φ2 is the exponential weight
(iii) ψι + h and (p 2 + /ι, where </?i and φ 2 are as in (i) and (ii) respectively, and h E C 2 (D) can be any harmonic function on D. The following notation will be frequently used:
where CΊ and C 2 are the constants of φ in Definition 2.3.
For φ E P, we have the following theorem about the Carleson measure on sup -7-T2 μ {ξ E D : |ξ -^| < ar(^)} < 00.
Proof. The sufficiency was proved by Oleinik [O] under the condition (1) and (2) of Definition 2.3 for any a E (0, m φ ). For the necessity, see [LR] . Proof. For the sufficiency, see [O] . For the necessity, see [LR] .
•
In this paper, we will use the equivalent discrete form of condition (2.1) in Theorem 2.4. In order to get the equivalent condition of (2.1) in discrete form, we need some notations and a covering lemma.
Throughout this paper, we will always use the following notations: (z, ar(z) ) denotes the Euclidean disk in C with center z and radius aτ(z).
Lemma 2.6 ([O]). Let φ G V and let a G (0, m ψ ). Then there exists a sequence of points {ZJ} C D, such that the following conditions are satisfied:
(1) Zj iD{ar{z k )),j^k. (2) (J j D(aτ(z j ))=Ό. (3) D(aτ{zj)) C D{$orr(zj)), where D(aτ(zj)) = \J zeD(aτ(tj)) D(aτ(z)), j = 1, 2, ... .
(4) {D(3ar(zj))} is a covering ofΌ of finite multiplicity N.
Definition 2.7. A covering {D(aτ(zj))} of D is called a r-covering of D if
it satisfies all the conditions in Lemma 2.6. Proof. The necessity follows from Theorem 2.4 immediately. The sufficiency follows from the proof of the sufficiency of Theorem 2.4 (see [O] ). In the rest of this section, we will characterize those finite positive Borel measure μ for which the Toeplitz operator T μ on AL 2 φ {p) belongs to the Schatten ideal S p .
The Schatten ideal S p consists of all the operators T on Hubert space for which the singular numbers s n (T) form a sequence belonging to l p . The singular numbers of the operator T are defined by
We denote \T\ P = (ΣΓ=i s Ό 1/p -For p > 1 the quantity \T\ P is a norm, while for 0 < p < 1 we have the following inequality We refer to [GK] and [S] for more information about S p .
First we consider the case 1 < p < oo. 
\D(aτ(z-))\ )
<O°-
We will prove the sufficiency first. We need a lemma.
By the relation ~ we mean that the ratio of the two expressions is bounded above and below by absolute positive constants.
The point evaluation L z can be regarded as an imbedding operator from where we use the fact that r(w) ~ r(z) whenever \z -w\ < m φ τ(w), which follows easily from condition (1) of Definition 2.3. Thus
This finishes the proof of Lemma 3. 
We denote by K Wo (z,w) the reproducing kernel of AL^ (B,wo) . Prom (3.1) we obtain
Hence we always have
Now we need to prove the reverse inequality. By (3.2) we only need to show that there exist constants 0 < α 0 < m φ and 0 < δ 0 < 1 such that
Let us consider the operator
It is easy to check that S Wo maps AL By using Lemma 3.5, we obtain
The second inequlity is because τ(z) ~ r(w) whenever \z -w\ < m φ r(w).
Note that the constant C in (3.9) is independent of w 0 . Now we choose a small αi E (0, m φ ) such that Ca λ < 1 in (3.9). Then from (3.7), (3.8) and (3.9) we obtain llslll 
< 1 is independent of w 0 . This completes the proof of (3.4) and of Lemma 3.6.
D We will always let k w (z) -K(z, w)(K(w, w))
1//2 , which is the normalized reproducing kernel of AL where α 0 is chosen as in Lemma 3.6. By Lemma 3.6 and Lemma 3.5 we have
The last inequality is because r(z) ~ r(w) whenever \z -w\ < m φ τ (w) . Therefore
This completes the proof of the necessity and of Theorem 3.4. D
For the case 0 < p < 1, we have a sufficient condition. 
We then have
Since 0 < 2p < 1, we have
Now everything reduces to an estimate of the norm | J^-1 2p By (3.1) we have the orthogonal decomposition is a rank one operator, we have
To estimate \Jj \ 2p we consider the division operator and the multiplication operator
The operator Jj admits a decomposition Jj = TjJjSj. Hence
Then as in the proof of Lemma 3.6, there exists a constant 0 < δ 0 < 1 such that Thus from (3.12), (3.13) and (3.14) we obtain
Then by Lemma 3.5 and the fact that τ(z) ~ τ(w) whenever \z -w\ < m φ τ(w), we obtain In [LR] we studied the boundedness and compactness of the Hankel operator
. We restate our main results in [LR] here for convenient reference. By using a similar argument of [Lu2] , one can show that Theorem 4.4 is equivalent to the following theorem. Let {e^} be an orthonormal sequence in AL 2 φ {Ώ>) and let A be the operator taking e, to k Zj (z) . We have where the first inequality is by (4.2). Hence (Γ) implies (2'). Now we prove (2') => (3'). As we point out in the proof of (2) => (3) of Theorem 4.1 in [LR] , the functions 6χ and b 2 produced in the proof of Theorem 3.1 in [LR] actually satisfy the following conditions: If z 6 D(a/5τ(zj)), then it is easy to verify from its definition that CF a {zj). Therefore, from (4.7) we obtain
Theorem 4.1 ([LR]). Let φ G V and suppose that i7£°(D) is dense in AL
Aej = k x . (z) = k Zj (z) + (k z . (z) -k Zj (z)) -Aej + Ee ό , (j = 1,2, • • •)
*,))
Bb 2 (z) p/2 dA Thus (2') implies (3') Finally, let us show (3') => (Γ). Let H b be a bounded Hankel operator and let b = &i -f b 2 be as in part (3) 
